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Formulation of the Orbital Stabilization Problem



Problem Formulation

Given the system & = f(z) + g(x)u, x € R™",u € R™, generate
asymptotically orbitally stable periodic solutions

Xt)=Xt+T), vt >0.
That is, find @(z) such that the closed-loop system
&= f(z) + g(x)u(z) =: fa(2),
satisfies
X(t) = fa(X (),

and
A={zeR"|z=X(t), 0<t<T},

is an attractive set.



Orbital vs Set Stabilization

e Asymptotic set stabilization is satisfied ensuring
liminf ||z(¢)|| 4 =0,

where ||z|| 4 := infyeq |z —y|.

e This does not ensure that the desired periodic motion is
generated. Indeed, if the set

O :={z e R" | |[z[|4 = 0}

contains equilibrium points of the closed-loop dynamics the
periodic motion is not generated.

e We have to ensure that

fer(@)|zeo # 0.



Motivations
e Applications:
» Mechanical systems (walking and running robots, path
following)

» Rotating electromechanical systems (motors, AC or resonant
power converters)

» Biology (oscillation mechanisms)

e Analysis well studied, but only a few constructive synthesis tools:

» Virtual holonomic constraints (VHC) method for mechanical
systems (Shyriaev, Maggiore, Grizzle,...).
(a certain subspace rendered attractive and invariant, leading
to a projected dynamics that behaves as oscillators.)

» In (Stan/Sepulchre) construct passive oscillators for Lure

dynamical systems using “sign-indefinite” feedback static
mappings—intrinsically local (central manifold).



Lure System with Sign-indefinite Feedback

“Sign” of feedback changes as a function of the output value.



Contributions

e Objectives

» Show that 1&l and IDA-PBC can be adapted for orbital

stabilization of general NL systems;

» apply it for nonholonomic systems.

» apply to path following of underactuated systems
e VHC is a particular case of the 1&I technique used for
equilibrium stabilization in (Astolfi/Ortega’03), and later extended
for observer design and adaptive control in (AKO'07, SV book).
e A main drawback of VHC and &I methods is that the
steady-state behavior cannot be fixed a priori, but depends on the
initial states
e Overcome with IDA in two versions

» EPD, which contains (Stan/Sepulchre) as a particular case.
» MSEA method.

» Establish connections between them.



Orbital Stabilization via &Il



Immersion and Invariance Principle

e Immerse the plant dynamics into a
lower-order target system

£=a(¢), L eRPp<m,

e Creating an attractive and invariant
manifold
M={zeR" | z=mn(g), £ € R}
={zeR" | ¢(z) =0}

e Whose “zero dynamics” (wrt output
¢(x)) is the target system.

e For orbital stabilization select it with
a periodic orbit.




Pictorial Representation
Plot of the manifold
M={zeR" |z=7(§), {€R"} ={z eR" | ¢(z) =0}

target dynamics trajectory £ = a(€) and immersion mapping 7 (¢)

€1




Main Orbital Stabilization Result of 1&I

Consider & = f(x) + g(z)u. Assume there are mappings
a:RP - RP, 7: PRP - R", ¢:R" - R" P, v:R™>"P) , R™

such that:
e (H1) (Target oscillator) The dynamical system

£=a(¢) (1)

has non-trivial, periodic solutions &,(t) = &.(t + T), Vi > 0,
(parameterized by £(0).)
e (H2) (Immersion condition) For all £ € RP

g-(m(©) [/ (7(©)) = VAT (©)a(©)] = 0.

where g : R" — R"™™ is a full-rank left-annihilator of g(z).
e (H3) (Implicit manifold) The following set identity holds

M:={zeR"|¢(x) =0} ={zeR" | z=n(¢), £ € RP}.



cont'd

e (H4) (Attractivity and boundedness) All the trajectories of the

system
’ : = VT (@)[f(2) + g(@)u(x, 2)
b= f(x) + glx)o(x, 2)

with z(0) = ¢(x(0)) and v(7(£),0) = ¢(mw(E)), where

e(n(€)) = lg" (=) { VAT (©)al€) = F((©))}

are bounded and satisfy lim;_,~ 2(t) = 0.
Then, the system

&= f(x) +g(x)v(z, o(z)) = fa(z)

ensures z,(t) = m(&.(t)) is orbitally attractive.



Sketch of the Proof

e Set invariance The set M = {z € R" | ¢(z) = 0} is invariant
with respect to & = fc1(z) if and only if

( )‘zEM =0« x‘x—ﬂ & — 7[-(5)
f(m(€)) + g(m(§))e(m (€ )) vl (€)a(§)
[ g (m(©) [f(=(€)) — ( ) (©)] =0
(m(€)) = g"(n(€) ){V &) — f(m(€)}

e Set attractivity

[Z(O) = ¢(2(0)) and v(7(§), 0) = c((£))
i=¢=V¢ (2)[f(z)+g(x)v(z,2)]

Hence, lim;_,o 2(t) = 0 implies M attractive.

= 2(t) = (x(t)).



Remarks

e Main difficulties
» Solving the PDE

g (x(&) [1(x(©)) ~ VrT (©)a(©)] =0.
» Proving boundedness and convergence of z(0) — 0 of

£ = Vo (2)[f(x) + g(2)v(, 2)]
&= f(x) +g(z)v(z, 2)

e Main drawback The periodic orbit depends on the ICs.



Example: Cart-pendulum System

T e Control objective: With
y r1(0) € (=%, 5), oscillate around
Ir = 0.
e Target dynamics: undamped
T9 = mechanical system
~ IS o) : :
2 = §1 = &2, & = aa(61),
e Model e Total energy function
Cbl = I3 1 fl
. R 2
&9 = 14 He(§) = 3 —/0 ag(s)ds.

&3 = aysin(zy) — ag cos(zy)u

e Potential energy has minimum at
zero: a(0) =0,05(0) < 0= He =c
are periodic orbits = (H1).

j:4:u.



Assumptions (H2) and (H3)
e Propose 7(£1) := col(m1(&1), ma(€1), 71 (€1)€2, m5(61)E2)
e PDE of (H2)
a1 sin(m1(€1)) — az cos(m1(&1)) [Wé’(&)&% + mp(61)a2(61)
=1 (&1)é +m(&)az(61) = 7(&) =75 (&) =0
e Propose 71 (§) = &1, m2(€1) = k& vielding

O P PR GO

aysin(&;) e (€)) = kay sin(&1)

az(&1) = "~ 1+ kaycos(ér)’

1+ kagcos(&)’

e The minimum conditions impose —é > k = upper-half plane!



Assumption H4
e Off-the-manifold dynamics

21 = 29, 22 = —kay sin(z1) + [1 + kag cos(z1)]v(z, 2).

e Choose the control law

1

= [~ — kaq si ,7% >0,
1+ka2008(x1)[ Y122 — Y221 + kay sin(z1)], v

v(z, 2)

satisfies v(7(£),0) = ¢(m(£)) and
Z1 + 7121 + 7221 = 0.
e Closed-loop = dynamics, with ¢, — 0 (exp),

ay sin(xy) — ascos(z1)e; .. aj sin(xy) + €
_ o — :
1 + kag cos(xq) S kas cos(x1)

verifies—after a painful analysis—boundedness for large ~;!.



Orbital Stabilization via IDA-PBC



IDA-PBC for Equilibrium Stabilization

(Viewed as port-Hamiltonian (pH) system matching)
Consider & = f(x) + g(z)u. Assume there are matrices
g(@), J@)=-J"(z), R(z)=R'(z) >0,

where
g (x)g(z) =0
and gt () full rank, and a function H(x), that verify the PDE

g (@) f(z) = g~ (2)[T (z) - R(z)]VH  (ME)

a(z) =g (@)g(@)] " g (@){[T (2) — R(@)]VH — f(z)},



cont'd
e The closed—loop system with u = @(x) takes a pH form

i = [J(z) — R(z)]VH.

e Hence, .
H = (VH)"R(z)VH <0

e If 2, € {x | g (x)f(x) = 0}—an assignable equilibrium—and
x, = argmin H(x)
then it is a stable equilibrium.

e It is asymptotically stable if the “output” R(z)VH (z) is
detectable. That is

R(z(t)VH(z(t)) =0 = lim z(t) = z,.

t—o00



MSEA and EPDI IDA-PBC: Pictorial Representation

o EPDI generates the orbit with a
e MSEA generates the orbit sign-dependent damping R(z).

assigning it as the minimum of

desired curve

=} F - = =

desired curve

DA



A Lesson from Engineers



Field-oriented Control of Induction Motors

e Model of current-fed IMs, in rotating frame:

A= —R\N+ Rv

LT o 41
G =0 I\ .,]]._[1 O],

e Control objective B(t) — By, w(t) — wy, where |A| = 5.
e In polar coordinates (3, p) as

.. R .
6:_R6+de7 p:EZ(p W:BZ(],

where we have defined col(ig,i,) := e~ Pv
e Famous direct FOC (Blaschke'72)

_ 7 Bx
v=e p[ﬁli(w*—w):|’k>0



Field-oriented Control is Orbitally Stabilizing

e Model in fixed frame:

wr = _Rwr + wlYr + Ru

& =u'"JPy,

where
sz)r = 6,]]9)\’ u = eJO'Ua 0= w,

e Control objective: orbital stabilization

A= {z € R¥| |¢y] = Bu, w = wy},

e Define z = col(xp, z¢) and z), := ¢y, 27 1= w.



Field-oriented Control is an MSEA IDA-PBC

e The closed-loop is an MSEA pH system

with
R 0O 0 0~ el ey
R(z)= |0 R kO L J(x) = |x 0 _%ﬁ

e Energy function

Hz) = 3oyl = B + 1 (a0 — ),

has a Mexican sombrero-like shape.



Field-oriented Control is an EPDI IDA-PBC

e The closed-loop is an EPDI pH system with

[R(|zp| — B4)
0

i 0

[0 —w|zy|

* 0

* *

0
R(lap| = Bs)
0

kR xo

Bs Jap]
kR 3,

B lzpl | 7

0

with energy pumping and damping injection.

e Energy function

1
H(z) = 5oy

24

2

1(w —w,)?.

0
0

£|xp|



Orbital Stabilization via MSEA



Orbital Stabilization Problem Formulation

e Particular case of periodic motion: z := col(z,, z/), with
z, € R?, 2, € R"™2. Partition the matrices

[(')pp (')pz] - [ R2%2 R2X(n—2) |
O o] ~ |RO-2x2 RO=-2)x(n-2)

e The set to be orbitally stabilized is
A= {z, € R? | &(z) = 0} U {a7},

with V@(z,) # 0—to ensure its a Jordan curve.
e To ensure the periodic motion is generated

fa(z)lzeo # 0, O :={x e R" | [z[|.4 = 0}



Main Result

(A1) (pH Matching) There are J(z) = —J ' (x), R(x) > 0 and
Hy : R — R verifying

argmin Ho(zo,z¢) = (0,2;) (isolated),

solutions of the ME PDE, with H(z) := Ho(®(zp), z¢).
(A2) (Attractivity) A is the largest invariant set in the set

{x e R"|V"H(z)R(z)VH(z) =0} N B.(A).

(A3) (Orbit existence) The (1,2)-element of J(x) verifies

c(x)
Jap) (@) = 5
’ VaoHo(o,
oHo(wo, z0) zo=®(zp)
for some 0 < |¢(x)| < oo, Va € A.
Then, the system with u = u(x) is asymptotically orbitally stable.



Key Step of the Proof: There are no Equilibria in A

We will prove that &, # 0 for z € A. In A we have 2y = 0 and:

i'p == jpp(x)v$pH(‘T)
= Tpp() Vo Ho (0, 20) VO (2p)

_ |: 0 ‘7(1,2)($):| Vono(xovxé)v‘I)(xp)

Hence & = 0 and ®(z,) = 0 is invariant. Compute the 1-norm

[fa (@)l = [e(@)[[Ve(2p) [l > 0, Vz € A.



Discussions

» A result similar to MSEA IDA-PBC exists for EPD IDA-PBC.

» Condition under which both methods generate the same
control.

» Applicable to nonholonomic systems, i.e., point regulation
with a smooth time-invariant feedback. (complying Brockett's
necessary condition)

> Partial results on path following, e.g., for ships.




Smooth, Time-invariant Regulation of
Nonholonomic Systems via EPD



Background and Control Objective

e Nonholonomic systems cannot by asymptotically stabilized with
a continuous, time-invariant (static or dynamic), state-feedback.

e Time-varying (Pomet'92, Jiang, et al.’01), discontinuous
(Astolfi'96, Fujimoto, et al.’12) and switching control methods
(Liberzon), considered.

e In (Escobar, et al. '98) the EPD (FOC) method applied to
nonholonomic integrator, but the controller is not-globally defined.
e This result is the inspiration for the popular transverse function
approach (Morin/Samson’03,'09).

e Objectives:

» Find a globally defined, smooth, time-invariant state-feedback
that ensures z(t) — 0 or H(x(t)) — H,.

» Show the transient performance improvement.



Application of EPD IDA-PBC

e Consider (completely) nonholonomic systems

S(z)u

0=A"(z)&, rank {A(z)}=n—m (NHS)

e IDA-PBC formulation: Partition xz = col(x¢, z¢) and find 4(x)
to obtain a pH system

] = [ J0<x>930<x> vl

where H(x) := Hy(x¢) + Ho(zo) and Ry(z)

e Control objectives: Ensure lim;_, z(t) 0

tliglo Hg(.%'g(t)) =B >0, tli{go 'rO(t) =0,



Assumptions for EPD IDA-PBC
(C1) (Matching PDE)
A (@) | Je(@) = R(@) | VHi(we)+AJ () | Jo(@) = Ro(@)| ¥ Ho (o) = 0.

(C2) (EPD condition) [Ry(x) + R, (z)](He(z¢) — B¢) > 0.
(C3) (Stabilization condition) arg;g}ig}b H(z) =0, (isolated).
)

(C4) (Detectability) Define the function

1
Q) = IV Holwo) ey + 5 (Helwe) = B IVHA) I3, () 7y

For the closed-loop system, there exists h(z) € R such that
[Q(z(t)) =0and (0) ¢ T := {x € R" | h(x) = 0}] = control objective

Notation: x € R”, P € R™™ and P > 0: ||z||p := 2" Pz.



Main Result

Nonholonomic system (NHS) verifying (C1)-(C4), in closed-loop
with u = u(z)

i) = (57 (@)5(@) 157 x) {(*’M - Re<w>§vmm>

<J0($) — Ro(z) | VHo(zo)

For all initial conditions outside Z:
> If 5, >0
tliglo H[(l‘g(t)) = B, tllgolo l’o(t) =0,
> If 5, =0,
lim z(t) =0,

t—o00



Remarks

e Does not contradict Brockett's necessary condition, we prove the
origin is Lyapunov stable but not asymptotically stable. We prove

[ 12(0)] < &, z(0) ¢ I} = lim z(t) = 0,

t—o00

e Assumption x = col(xy, xg) relaxed to

P where P € R™*™ is a permutation matrix.
e If By > 0 the origin x = 0 is an unstable equilibrium



Application to the Nonholonomic Integrator
° Dynamics 3'21 = Uui, .fg = Uug, i’g = X2U1.
e Conditions (C1)-(C4) satisfied with

1 1
Hy(x1,22) = 5(93% +3), Ho(z3) = 5»””%

0 —
Jo=0. ) = 5] Rolan) =

0 0
Ry(z1,22) = [0 Y[H(z1,72) — @J el

Q(z) = —a3[y(a] + 23 — By)* + a3
h(z) = (2} + 23) (23 + 3).

e Smooth, time-invariant control law

ii(z) = [_xﬁxs))g} * [—’Y[He(wh(;z) - ﬂe]iEJ '



Comparative Simulations vs Pomet's and Astolfi’s



Energy Regulation v =5

(c) Trajectories of x, and Hy(z¢)

—H, (3¢ = 0.5)

control input
&

4 — i (B =05)
ws (B = 0.5)
— —w (Be=2)
- — —u (B =2)
0 2 4 6 8 10

time [s]

(d) Control inputs

N



State Regulation and Pomet's Method

P a—

EPD IDA-PBC
4 J|——Pomet's method

oy

states

o 20 40 60 80 100

time [s]

(g) =(t) of EPD IDA-PBC

states

control input

o 20 40 60 80 100
time [s]

(f) z(t) of Pomet's controller

— —u; (Pomet’s method)
— —uy (Pomet’s method)
—u; (EPD IDA-PBC)
us (EPD IDA-PBC)

o 10 20 30
time [s]

(h) Control inputs



State Regulation and Astolfi's Method (with Noise)

3

states

2
1
o
-1
2. ——EPD IDA-PBC
2 — Discontinuous method
1 ~ J(,/,,Ai - 5 3
o o x1

3
)
25 €T
— 3
2
1.5
1
oo \\__,._
o ——
-0.5
o] 50 100
time [s]

(k) z(t) of EPD IDA-PBC

states

3
2
1
o
4 a1
—
w5
2
o 1 2 3 4

time [s]

(j) z(¢) of Astolfi’s controller

uy (EPD IDA-PBC)
— —u; (Discontinuous method)
- - - u, (Discontinuous method)

o] 2 4 6
time [s]

(1) Control inputs



Path Following of Underactuated Mechanical
Systems



Problem Formulation

» port-Hamiltonian mechanical systems

H I P RS o

Qy = h(q).
P A desired smooth path characterized by the Jordan curve
®(gy) = 0, design a controller that achieves:

P1 boundedness: the states x are bounded for all initial conditions;
P2 convergence and invariance: the states x will converge to the
path set
lim ||z(t =0
Jim [z(t)]c. =0,

where we defined
Cp = {x € R*" | ®(h(q)) = 0}. (3)

which is an invariant set;
P3 forward motion: & # 0 for all t > 0 and = € C,.



Conventional Methods

> Reference points/guidance laws: the desired path C is
parameterized as q;f = o(#), with 6 € [0, L] and a mapping
o : [0,L] — R2. The variable 6 propagates according to the
motion generator dynamics

0=T(0,z), 6(0)= 6. (4)

(multiple projection, no guarantee of invariance)

» Set stabilization: transverse feedback linearization + virtual
holonomic constraints (VHC)
(online optimization, local results)

» Orbital stabilization provides a new problem formulation (or a
constructive framework).



Immersion and Invariance Path Following

» New design: 1&I orbital stabilization + MSEA

> Use a time-varying target oscillator to shape the behaviour
(parameterized by systems state )

» Target oscillator

VVy

N

~4e2 —Ra9)

with )
Vale) = 512()

» Almost global convergence

v

Be able to deal with underactuated mechanical systems

» By adding a suitable integral action to the target oscillator,
we are able to attenuate the unmatched external disturbances.
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